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Abstract----Of concern in the paper is an analytical study of the torsional excitations of a specimen of 
tubular bone. The problem is analyzed theoretically by using appropriate mathematical methods. On 
the basis of experimental observations, bone tissues have been treated as a non-homogeneous medium. 
A power law variation of the elastic moduli of bone tissues has been examined and a quantitative 
estimate of the displacement and stress values is obtained at different longitudinal distances of a 
given specimen of tubular bone. 
1. INTRODUCTION 
Treatment of various types of bone disorders, osteoporosis and fracture healing require accurate 
informations about the physical properties of bone tissues. Its ultrastructural composition can 
also be determined ff the values of the elastic moduli are made available. It has been recom- 
mended by previous investigators that an extensive study of the various mechanical properties of 
bone tissues would have the potential to ascertain the validity of various models (mathematical 
as well as physical) available in the literature. Thus, an accurate knowledge of the mechanical 
properties of osseous tissues is quite useful for the determination of the microstructural compo- 
sition and also for the confirmation of the state of bone disease. For an accurate diagnosis an 
orthopaedist requires a complete information about the physical and mechanical properties of 
bone determined from in vivo experiments. The wave propagation study serves as an excellent 
noninvasive technique for this purpose. Torsional wave propagation problems for solid structures 
having different geometrical configurations have been studied by several investigators for both 
elastic and viscoelastic materials. We shall make an attempt here to develop a mathematical 
model for studying the response of a long tubular bone subjected to torsional loading. 
The observation that bone gets deformed upon loading and returns to its original shape and size 
on its withdrawal gives evidence to its elastic properties. Wertheim [5] was the first investigator 
to determine the tensile properties of human bone specimen. After him, numerous experiments 
have been performed by different investigators by giving bone specimens suitable shape and size 
to determine tensile, compressive and shearing properties of bone and their results have been 
reported in the celebrated monograph of Evans [2]. 
A bone specimen may be given the shape of a thin beam which may be bent by applications 
of load. The bending of such a beam is involved with tensile, compressive and shearing forces. 
Tensile forces developed on the convex surface of the bent specimen and the compressive force 
on the opposite surface, both have their maximum values at the respective surfaces while both 
of them are zero at the neutral plane. Unlike tensile and compressive forces, the shearing forces 
are not uniformly distributed over the cross-section. 
The results of different experiments reveal that there are significant differences in the elastic 
properties of wet and dry embalmed and unembalmed specimens of different bones located at 
various positions of the human skeletal system. Unembalmed ry femoral specimens are found 
to be stronger than wet specimens. Embalmed wet and dry tibial specimens are found to possess 
higher stiffness than similar unembalmed ones. Embalmed wet specimens from the middle third 
of the femoral shaft are stiffer than the proximal third of the shaft. Elastic moduli of embalmed 
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wet specimens from the anterior quadrant of the tibial shaft are larger than those from the medial 
quadrant. Embalmed wet specimens from each third of the tibial shaft are found to be harder 
than similar specimens from corresponding thirds of the femoral shaft. Embalmed wet specimens 
of both femur and tibia seem to be stronger in the longitudinal direction than in the tangential 
and radial directions. 
It has been observed from experiments performed on single osteons, the unit of bone structure, 
that their ultimate tensile strength, both at the initial and final stages of calcification is signifi- 
cantly greater in dry tested samples than in wet ones. In osteons having a marked longitudinal 
arrangement of the fibre bundles in successive lamellae, the ultimate tensile strength seems to be 
higher than in osteons with fibre bundles running alternatively in such a way that their direction 
in successive lamellae changes through an angle of about 90 °. 
The degree of calcification does not include any variation of the ultimate tensile strength in the 
osteons howing the same structure with regard to the orientation of the collagen fibre bundles. 
Ultimate tensile strength does not vary with the advancing age. It reaches the same magnitude 
both in calcified and recalcified osteons, furnishing evidence that the collagen fibres of the matrix 
are essential in determining some mechanical properties of bone tissue. 
It is found from experiments with bone--wet or dry, embalmed or unembalmed, that its dif- 
ferent parts have different physical properties. This is partly due to its porosity and partly due 
to its composite layered structure. Whatever may be the cause, it is certain that bone is not 
materially homogeneous though it was assumed to be so in many previous studies. In some 
recent studies bone has been considered to be inhomogeneous, although the exact law describing 
such inhomogeneity is not accurately available. Several models are proposed by different research 
workers. In a stress analysis of bone, Nowinski [4] proposed a similar power law of variation of 
all the physical properties by using a linear relationship between elastic constants and density of 
the material. 
In this paper, the displacement and the stress in a long tubular bone specimen subjected to 
torsional oading have been determined. For this purpose, a mathematical model has been for- 
mulated and analyzed by using appropriate mathematical tools. The solution has been obtained 
in closed form. In order to illustrate the effect of non-homogeneity of bone material, the derived 
analytical expressions are computed numerically for different ypes of non-homogeneity. 
2. FORMULATION AND SOLUTION OF THE PROBLEM 
Let us consider a specimen of long tubular bone of length "~" and take the axis of z along 
its axis. We shall examine the situation where the end z = 0 is fixed and the other end z = £ 
oscillates in its own plane about the centre point r = 0 with a small angular amplitude a and 
frequency w/2r. 
Let u, v, w be the components of displacement of a point at any time t along r-, 0-, and 
z- increasing directions in the cylindrical coordinate system (r, 0, z). Let er, e0, 6: denote the 
normal strains, %z, %0, "re~ the shearing strains, at, ~e, az the normal stresses and r,z, r,o, ro~ 
the shearing stresses. If the specimen of bone is excited to a pure torsional vibration, 
so that 
Consequently 
u = w = 0 and v = v(r, z) (1) 
and 
Cr = ~S = ez = 7rz = O, 
av 
?ze = ~Z" 
and to ,  = #~,  
(2) 
(3) 
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where/* denotes the rigidity modulus. 
The equation of motion is 
Orre Ore, 2 Osv 
0r + ~ + -r,0 (4) r =Pot  ~' 
The periosteal surface r = a and the endosteal surface r = b (< a) are free from tractions; if we 
take 
v -- rf(z)e jw', (j -" Vt-~) (5) 
(w being the complex angular wave frequency of natural vibrations and f(z) a function of z 
alone), 
t) ~. =/*(~ - ;) = 0. (sa) 
Hence from (4) and (Sa), we obtain the equation of motion as 
OToz 02v 
Oz = p &2,  (6) 
where p is the density of the osseous material. 
Here we consider a specimen of long tubular bone and restrict our attention to the specific 
situation where the inhomogeneity of osseous tissues is described by a parabolic law, that is, 
at any point z, the rigidity modulus /* can be written as /* = /,°(1 + kz) 2 and the density 
p = p°(1 + kz) 2 where/*o, pO and k are constants. Hence, the above equation of motion takes 
the form 
~z = -P°(I + kz)2~2v (6a) 
Substitution of equation (5) in (6a) yields 
o 2 
d~/(z___~) + 2____L_k df(,___)) + £_~_0 f(z ) = 0 (7) 
dz 2 (1 + Icz) dz 
The solution of the above equation is found in the form 
1 ~ [A sin 8(1 + kz) - B cos/~(1 + kz)], /0) = (1 + kz----3 (8) 
where ~g 
= yv~/ / *o ;  (8a) 
A and B are arbitrary constants of integration and J , ,  Yn represent Bessel functions of the first 
and the second kind respectively, each of order n. Now, 
v= (1+ kz) [AsinD(l+kz)-Bc°sD(l+kz)]d'°* (9) 
If we consider the boundary conditions as 
v=0 at z=0 and v=ar  at z - *  (10) 
A and B are given by 
and 
(a being a parametric constant), 
A= 
p(1 + k£)V~2 ~ 
[sin 13(1 + kt) - tan j3coe ~(I + kl)] 
B ---- Atan/~. 
(11) 
(12) 
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Again, considering the boundary conditions in the form 
~v 
v=0 at z=0 and - -=0 at z=~,  (13) 
az 
one finds 
[,8(1 + kt) sinfl(1 + kt) + cosfl(1 + kt)] + cos~[fl(1 + let) cos ~(1 + k£) - sin~(1 + kl)] = 0 (14) 
This is the required frequency equation. 
The equivalent couples at the ends z = 0 and z -- £ can be determined from the expressions 
for M1 and M2 defined mathematically as
and 
M1 - 2~r (rsz)z=o r2 dr 
M2 = 2~r (rs,)z=lr 2 dr. 
(15) 
If the bone specimen is considered to be homogeneous, with uniform density po and constant 
shear modulus/f ,  we find that for the pair of boundary conditions (10), the displacement a any 
point of the bone specimen, is given by 
V -- ~rcosec  ~ sin mz ,  
with 
3. COMPUTATIONAL VALUES OF THE DISPLACEMENT AND THE STRESS 
Numerical values of the displacement and the stress have been computed by taking t - 0.40m. 
In order to examine the extent to which the inhomogeneity affects the displacement and stress 
fields, we have calculated ifferent sets of values corresponding to four different values of k, viz. 
-1,-0.5, +0.5 and 1. 
For the given value of t and a particular value of k, the equation given by (14) is solved to 
obtain the solution of/~ defined by (8a). The equation (14) involves cosine and sine functions 
and is transcendental in nature. Hence, multiple solutions are expected for a particular value of 
kt, with change in the parameter/¢l, the solution set for ~ is bound to change. The equation (14) 
being transcendental,  rigorous search technique is employed to find out the precision location 
of the roots, i.e., values of/~. This search has been carried out by means of a digital computer 
and in this way, solution of (14) is obtained for ~, corresponding to each of the four values of k. 
Four sets of solutions of ~ have been computed and they are presented in Tables 1-4. Each of 
the values of/~ so obtained is substituted in (11) and (12) to calculate A and B for the particular 
case considered. The values of v ° - v(a, z) /aa and I"~ = l"s, (a, z)/c~a have been evaluated for 
z = 0. 0.05m, 0.10m, 0.15m, 0.20m, 0.25m, 0.30m, and 0.35m. 
For these values, we can have an idea of the longitudinal variation of the displacement and 
shear stress on the periosteal surface of the bone specimen. 
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Table 1. Values of v' and ~'0z in the nonhomogeneous case (k = 1) 
Z lit YeZ (~ 
(in m) 
0.0 0.0 3.741 
0.05 0.1780 3.383 
0.10 0.3387 3.051 
0.15 0.4835 2.743 
0.20 0.6133 2.454 
0.25 0.7292 2.182 
0.30 0.8381 1.925 
0.35 0.9218 1.680 
0.O 0.0 1.902 
0.05 0.1855 3.521 
0.10 0.3524 3.157 
0.15 0.5014 2.806 
0.20 0.6332 2.468 
0.25 0.7484 2.142 
0.30 0.8476 1.827 
0.35 0.9313 1.522 
41.24 
5246 
Table 
Z 
(in m) 
0.0 0.0 2.925 
0.05 0.1525 3.156 
0.10 0.3133 3.251 
0.15 0.4750 3.191 
0.20 0.6296 2.964 
0.25 0.7685 2.560 
0.30 0.8826 1.974 
0.35 0.9629 1.204 
0.0 0.0 2.974 
0.05 0.1551 3.207 
0. I0 0.3183 3.297 
0.15 0.4821 3.227 
0.20 0.6381 2.982 
0.25 0.7773 2.553 
0.30 0.8903 1.936 
0.35 0.9676 1.129 
2. Values of v' and ~'oz in the nonhomogeneous case (k = -1 )  
~71 T~Z 07 
12250 
12380 
For the type of inhomogeneity characterized by k = 1, the computed values of v' and r~z are 
presented in Table 1. The values of v' are of an increasing nature with increase in length starting 
with zero value at z = 0. However, r~z shows a decreasing trend with increase in z. It is also 
found that as the frequency w increases, v p increases at every section of the bone specimen, but 
r~z increases upto a certain length and decreases ubsequently. 
For k = -1 ,  the computed values of v' and ~'~z are given in Table 2. v' is zero at z = 0 and at 
z= 1.0. 
Similar observations have also been made both for k = -0 .5  and +0.5. For all the values of k, 
the values of ~ considered are ]ess than or equal to 20. For all the above cases, the values of 
have also been calculated by taking po = 2000 kg/m 3 and ~o = 1.3789 x 101° N/m 2. 
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Table 
2 t) t 
(i- m) 
0.0 0.0 
0.05 0.1517 
0.10 0.2957 
0.15 0.4320 
0.20 0.5606 
0.25 0.6817 
0.30 0.7953 
0.35 0.9013 
0.0 0.0 
0,05 0.1701 
0. I0 0.3298 
0.15 0.4776 
0.20 0.6122 
0.25 0.7325 
0.30 0.8377 
0.35 0.9270 
Table 4. Values of 
2 ~j0 
(in m) 
0.0 0.0 
0.05 0.1042 
0.10 0.2138 
0.15 0.3290 
0.20 0.4500 
0.25 0.5722 
0.30 0.7110 
0.35 0.8518 
0.0 0.0 
0.05 0.1601 
0, I0 0.3223 
0.15 0.4805 
0.20 0.6285 
0.25 0.7601 
0.30 0.8695 
0.35 0.9511 
3. V.au~ o~ ~, and ~;, tn the a~e~a~uem ~ (k = 0.5) 
3.112 
2.957 
2.803 
2.649 
2.497 
2.346 
2.196 
2.047 
3062 
3.405 
3.303 
3.030 
2.828 
2.553 
2.257 
1.947 
1.624 
6188 
V) 0 end .r~, in the n~homot, eueo~ cue (k = -0.5) 
• r~,  w 
2.033 
2.137 
2.243 
2.361 
2.481 
2.609 
2.744 
2.888 
2063 
3.142 
2.242 
3.225 
3.084 
2.817 
2.429 
1.926 
1.319 
10310 
4. REMARKS 
Earlier studies on the compressive strength indicated that the con~pressive strength is different 
when the material is loaded in different directions ad also that it is different for different samples. 
The strength of samples loaded in the directions of their fibres is generally greater. The effect 
of direction of loading was tested by Dempster sad Liddicost [I] with cubes of compact bone 
by loading them in different directions. The ultimate compressive strength is reported to be 
least in the tangentially loaded femoral cubes emd greatest in the longitu~ally loaded ones. All 
investigators who have compared the ultimate compressive strength of wet and dry samples of 
compact bone found, that the dry bone is stronpr. 
The average shearing strength of compact bone cut parallel to the long axis of the femur loaded 
perpendicular to the fibre is greater than the ones cut perpendicular to the long axis and loaded 
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perpendicular to the fibres. Differences in the shearing strength of specimens from various parts 
of the same bone ss we]] ss the influence of moisture on the shearing strength of bone were studied 
by Evans snd Lebow [3]. It was observed that the wet samples have more shearing strength than 
the dry ones. Thus, it appears that sir drying reduces the shearing strength but enhances the 
tensile strength. 
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